Abstract. Let H be a complex Hilbert space, B(H) be the set of bounded linear operators on H, E(H) be the set of {A ∈ B(H) : 0 ≤ A ≤ I}, 1 ≤ n ≤ ∞. In this paper, we show that if
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Introduction
Let H be a complex Hilbert space, B(H) be the set of bounded linear operators on H, E(H) be the set of {A ∈ B(H) : 0 ≤ A ≤ I}. Each element of E(H) is said to be a quantum effect, the set E(H) has some nice physical meanings ( [1] ). Let A = {A i , A * i } n i=1 ⊆ B(H) and 
is called a row contraction ( [3] [4] ) and the completely positive map Φ A is said to be a quantum operation ( [5] ). If Φ A is a quantum operation and for each 1 ≤ i ≤ n, A i ∈ E(H), then Φ A is said to be a Lüders operation ( [5] [6] ). It is easy to prove that for each quantum operation Φ A which is decided by
As we knew, the completely positive maps theory have a great number of connections with wavelet analysis [(7-9)], dilation theory ( [10] [11] ), representation theory of the Cuntz C * -algebras ( [7-8, 10, 12] ), operator theory ( [3] [4] [13] [14] [15] [16] ), quantum probability theory ( [17] [18] ) and quantum information theory ( [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] ), etc. Now, we denote B(H) Φ A to be the fixed points set of Φ A , and A ′ to be the commutant
By the way, in [3, 4] , B(H) Φ A is called the space of T -Toeplitz operators.
Studying the structure of B(H) Φ A is an important project not only in operator theory ( [3-4, 13, 24, 30] ), but also in quantum information theory ( [5, [24] [25] [26] [27] ). If an operator B is a fixed point of the quantum operation Φ A , in physics, it implies that B is not disturbed by the action of Φ A . Note that when
In [5, 24] , it was proven that if H is a finite dimensional complex Hilbert space,
For example, in [5] , Arias, Gheonda and
Gudder presented a nice example showed that for n = 5, the conclusion is not true even [30] , it was proven that if
A is isometric and order isomorphic with the commutant of the minimal isometric dilation of {A i } n i=1 . In [3] , it is proven that if {A i } ∞ i=1 is commutative and B(H) Φ A = {0}, then there exists a triple {K, Γ, {U i } ∞ i=1 }, where K is a complex Hilbert space, Γ : K → H is a bounded operator and
is a sequence of commuting normal operators with
, and the mapping Y → ΓY Γ * is a complete isometry from the commutant of {U i } ∞ i=1 onto the space B(H) Φ A . In [4] , it is proven that if 1 ≤ n ≤ ∞ and
. These results showed that there are actually some nice relationships between B(H) Φ A and commutant of some operator set. In particular, in [31] , Busch and Singh showed that if n = 2 and {A i } 2 i=1 ⊆ E(H), then the conclusion is true. Note that in this case,
Thus, the following problem is not only natural, but also urgent in physics:
⊆ E(H) be commutative and n i=1 E 2 i = I in the strong operator topology. Then the fixed points set of Φ A is the commutant A ′ of A ?
In this paper, we answer the problem affirmatively. Moreover, we also describe the
Element lemmas and proofs
Let 1 ≤ n < ∞ and A = {E i } n i=1 ⊆ E(H) be commutative. Firstly, for each E i , 1 ≤ i ≤ n, we have the spectral representation theorem:
where
λ } λ∈R is right continuous in the strong operator topology and
Since E i and E j are commutative for any i, j = 1, 2, · · · , n, so F m k 1 ...kn is a well-defined orthogonal projection operator.
E(H) be commutative and B ∈ B(H). If for any integers m and k
Proof. For each rational number q = p l , where p, l are integers. If
, thus, we can prove easily that
So, for each rational number q = 
⊆ E(H) be commutative and B ∈ B(H). If B does not commute with some E i 0 in A, then there are integers m, k 1 , k 2 , · · · , k n and
Proof. Without of losing generality, we suppose that B does not commute with
In fact, if not, we will get that
··· ,kn , we will also get the same conclusion. The lemma is proven.
Moreover, we have a stronger conclusion in the following. Lemma 2.3. Let A ∈ E(H) and B ∈ B(H). If B does not commute with A, then there exists integer m, k, j with |k − j| ≥ 2 such that
Proof. By lemma 2.2, we can find
m ] = 0. If |k 1 − j 1 | ≥ 2, then we get the m, k, j satisfy the lemma. If j 1 = k 1 + 1, we replace m by 2m and let k 2 = 2k 1 , j 2 = 2j 1 . Then
Now we consider k 2 , k 2 + 1 and j 2 , j 2 + 1, if we still can not take |k − j| ≥ 2 satisfy the conclusion, then
So we have C = P A (
2m ,
2m ]. Keep on this way, then we will find the integers k, j which satisfy the conclusion or we get a sequence {p i , p i + 1,
]. If the first case happens, then we proved the lemma.
If the second case happens, note that
in strong operator topology ( [33] ). But for each positive integer i,
so we get that C = 0, this is a contradiction and the lemma is proved in this case.
If k 1 + 1 = j 1 , we just need to take all the above calculations in adjoint and interchange the index j and k. The proof is similar, thus, we proved the lemma.
is not commutative with E 1 , then there exists positive integer m such that for each positive integer p, there exist projection operators P, Q ∈ A ′ , P Q = 0, Y = P XQ = 0, and
Proof. Since X does not commute with E 1 , it follows from Lemma 2.3 that there exists integers m, k, j such that |k − j| ≥ 2 and
Then P 0 and Q 0 are projection
Thus, we have
so, we have
and (
On the other hand, it follows from
and (5) that
For each positive integer p, we replace m with pm. Note that
Thus, it is easily to prove that
By the similar analysis methods as (5), we get
On the other hand, we also have
2 )] Y .
Then it is clear that P, Q ∈ A ′ , P Q = 0, Y = P XQ = 0, and
The lemma is proved.
It follows from the proof of Lemma 2.4 that we have the following important conclusion:
and there exist integers m, k, j with |k − j| ≥ 2 such that
then for each positive integer p, there exist projection operators P, Q ∈ A ′ , P Q = 0,
3 Main results and proofs
Proof. Since A ′ ⊆ B(H) Φ A , in order to prove the converse containing relation, we suppose that B ∈ B(H) Φ A \ A ′ . Without of losing generality, we can suppose that B is not commutative with E 1 . By Lemma 2.3, there is a triple integer set {m, j, k} such that |k − j| ≥ 2 and
Then F q → I in strong operator topology and Φ q is a completely positive map. If denote P q = P Fq ((1− 1 4m 2 , 1]), then P q → I in strong operator topology (see [34, P 248 ]). Now we show that
m ]P q = 0. In fact, if not, note that
so, by Corollary 2.1 that for each positive integer p, there exist projection operators P and Q, P, Q ∈ A ′ , P Q = 0, such that
Since
Note that P q E i = E i P q and P q Y = Y P q for each 1 ≤ i ≤ n, A 1 = {P q E i } n i=q+1 decides a Lüders operation Φ A 1 , and
On the other hand, we show that 
This contradicts (7) and so P q P E 1 ( i.e., B = P B, this showed that B(H) Φ A ⊆ P A ′ . If B ∈ P A ′ , note that P ∈ A ′ , so P B = BP = B. Moreover, Φ A (B) = BF = P BF = BP F = BP = B, that is, B ∈ B(H) Φ A , thus we have P A ′ ⊆ B(H) Φ A and the theorem is proved.
